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Abstract 

We obtain an exact solution of the coupled Einstein-scalar-gauge field equations 
for a local infinitely long superniassive cosmic string. The solution corresponds to 
that of Hiscok-Gott. The string appears to be due to the freezing of the scalar field 
at the null value giving rise to a constant linear energy density. 



Spontaneous symmetry breaking in gauge theories leads to phase transitions in the 
early Universe [1,2,3]. In this period can appear topological structures in the Universe 
like strings, vacuum domain walls and monopoles. One of these topological defects that 
has drawn more attention is the cosmic string. The cosmic strings are linear topological 
defects. Only infinitely long and closed loop strings can exist. An infinitely long cos- 
mic string is a static cylindrically symmetric configuration of self-interacting scalar field 
minimally coupled to a U(l) gauge field. 

We have two general type of strings. Those which arise in a phase transition in wich 
a gauge symmetry undergoes spontaneous symmetry breaking is called local or gauge 
strings, and those which we call a global string, arise as a result of a spontaneous breaking 
of global symmetry. Strings that have cosmological interest are the local strings. 

Local strings have a linear energy density ii ^ rf, where rj is the vacuum expectation 
value (VEV) acquired by the gauge field in the phase transition. 

Strings of astrophysical relevance were formed during phase transitions at the grand- 
unified-theory (GUT) scale (10^^ GeV). They have linear energy density /i ~ r^^ of the 
order 10~^. This small value of yU could justify the weak-field approximation used by 
Vilenkin. 

Vilenkin [4] using the weak-field aproximation obtained that the geometry around a 
cosmic string is conical, with the deficit angle given by 50 = STTyU, where ^ is the linear 
energy density of the string. Hiscock [5] and Gott [6] found independently an exact 
spacetime metric corresponding to a static cilindrically symmetric string, and showed 
that the results obtained by Vilenkin are correct. They utilized a stress energy tensor 
with the energy density constant within the string, without considering the structure of 
the scalar and the gauge fields. Raychaudhuri [7] criticized these results giving a new 
interpretation to their metric, using the full equations, not taken into account by them. 
So far no solution in closed form is obtained of the coupled Einstein-scalar-gauge field 
equations. 

More massive strings, rj » 10^^ could be produced, because the Universe might have 
undergone phase transitions at energy scales higher than the 10^^ GeV GUT scale. Due 
to their large masses, ji» 10~^, we believe it is not reasonable to treat these strings by 
means of the weak-field approximation. 

We are going to consider in this paper supermassive strings. They are strings with 
7] » 10^^. 

The model of the self-interacting potential for the scalar complex field is provided by 
the standard "Mexican hat" potential. Then, the only consistent way to find the metric 
describing an infinitely long cosmic string is to solve the coupled Einstein-scalar-gauge 
equations. 

We consider the simplest case of a local U(l) symmetry. After spontaneous symmetry 
breaking, the manifold of degenerate vacua is a circle; since this manifold is not simply 



connected, strings can occur. The simplest scalar gauge field theory leading to the for- 
mation of cosmic strings is the Abelian Higgs model which contains a U(l) gauge field 
A^ and a complex charged scalar field $ = i?exp (i-^) with a coupling constant e and a 
potential 

y($) = ^(<|.r-^2) (1) 

where A and 77 are two coupling constants. (We use units where G = c = 1.) 
The Lagrangian for these fields is, 

L = -l^^RV^R - IrH^,^^ + eA^){V''ij + eA^) - A(i?2 _ ^2^2 _ -Lr^^F^^r (2) 

Z Z iOTT 

where F^^ = V^A^, - V^A^,. 

The complex scalar field and the components of the gauge field take the form 



R = R{r) , ip = n(f), 
A, = ^[P{r)-n]V,<P, (3) 

where n is the winding number. 

The spacetime metric assumed to be static and cylindrically symmetric, as shown by 
Shaver [8], is given by, 

(is2 _ _^^2 ^ ^^2 ^ ^^2 ^ ^(^)2^^2 ^4^) 

with the angular coordinate ranges from to 2 tt as usual. 

To get solutions with the metric regularity at r = 0, and with a finite energy, we take 
the boundary conditions 



limi?(r) = and lim P(r) = n 

r^O r— >0 

lim R(r) = ri and lim P(r) = 0. (5) 

r — »oo r — »oo 

Linet [9] proved the Bogomol'nyl inequality on the linear mass density /i of these 
solutions in the case e^ < 8A. The lower bound ^ = 7r|n|ry^ correspond a solution with 
e^ = 8 A and the metric has necessarily the form (4). We are going to consider the case 
n = 1. On the axis r = the function (3 has to satisfy the following condition 

lim^ = l. (6) 



In this case the non-vanishing components of C^ are 



[3 dr 
The components of the energy-momentum tensor are 



G= = G; = -,:r^^ (7) 



1 ff2p2 (p/\2 

Tl = T: = -^[{Rr + ^ + 2A(i?^ - vY + ^] (8) 

t: = I mr -^-2X{r'- vY + ^] (9) 



1 D2p2 (pi\2 



T** = ^HR'f + -^ + 2A(fi2 - ,,^)-^ + ijj^]. (10) 



When we consider e^ = 8A , the function R and P must obey the following Bogomol'nyi 
equations 

P' = ^{R'-v') (11) 

/ RP , X 

«'=- (12) 

and the Einstein equations reduce to, 

oil p2 p2 „2 

^ = -M^ + j(^^-^^)) (13) 

Using (11) and (12) in (13), we can evaluate the integration, obtaining the following 
equation 

/?' = -47r(i?2 _ r]^)p + 1 _ 47rr;2_ ^^^^ 

Making the transformation 

(3 = , 15 

R = riR , (16) 

and 

r = , (17) 

rje 
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as proposed by Shaver[8] , we see that the equations (11) and (14) become, 

P' = AP{R^ - 1) , (18) 

/?' = -4^r/^(i?^-l)P + l-47r?]2 (19) 

and the equation (12) remains the same. 

The set of equations (12), (18-19) with the boundary conditions (5) describe the cosmic 
strings. However, the exact solutions of the set of equations are so far not obtained. Linet 
[10] attempted to obtain exact solutions for the special case of a supermassive local string 
ATirf = 1. 

For a supermassive local string, we consider Anr)'^ = 1, then the equation (19 ) reduces 
to, 

p' = -(i?2 _ i)p. (20) 

From the equations (20) and (18 ) we obtain that. 



P = Vl-4/52, (21) 

and, 

4 - ifi (^^) 

^ p 
Substituting (21) and (22) in (12) , we construct the followying differential equations 
for/? 

4^2(^')2 + (1 _ 4p^)pp" + 2(1 - 4/3^)2 - 2(1 - 4^2)1^' = g. (23) 

An exact solution of the differential equation is given by. 



/3 = -sin(2f). (24) 



Then we have 



F = cos(2f). (25) 

Substituting (16) and (17) in (24) and (25), we have 

/? = - sin {ar) , (26) 

a 

P = cos (ar) , (27) 



where a = ^rh= 

/ Zn 



We conclude that, in this case with a constant energy momentum tensor as the source, 
R = 0, what leads us to consider = 0. Hiscok[5] obtained the same solution. 

Recently Novello and Da Silva [11] obtained the exact solution in this form for the 
gravitational field of string related to the fundamental states of bosons of arbitrary mass. 

To obtain the solution in the exterior region of the string we put T^ = 0. From (8-10) 
one obtains R = rj and P = 0. 

The solution of the equation (13) is then given hj jS = br + c , where b and c are 
constants. The constant c can be removed by shifting the origin, the metric then takes 
the form 

ds^ = -df + dr"^ + dz^ + 6^2(^0^ (28) 

In this metric, that is Minkowski fiat, the angular coordinate ranges from to 27r6. 
Applying the usual Darmois-Lichnerowicz junction conditions (in this case reduces to 

9^4> = 9^4> si'iid —^ = -£^, where + represent the exterior metric and - the interior) at 
the boundary r = Tq, we find that 

- sin (aro) = br^ , (29) 

a 

and, 

cos (aro) = b. (30) 

The same results can be obtained from the junction conditions used by Hiscock [5]: 
9^u — 9^u ^'^'^ ^^u — ^^u^ where K^y is the extrinsic curvature. 
Evaluating the linear energy density we obtain, 

//= / / Tl(3d<t)dr 
Jo Jo 

= -[1 -cos (aro)]. (31) 

From the equations (30) and (31), we get 

6 = (1 - Afi) (32) 

The exterior metric takes the form 

ds^ = -de + dz^ + dr^ + (1 - 4^)V2rf02_ (33) 

Here we can define an angular coordinate 0' = (1 — 4/i)0 that ranges from to 
27r(l — 4^), giving a conical angular deficit 5(f) = Sn/j,. 



From (8-10) one finds that, 

r/(0 = 0) = T}{A^) = 2X^' (34) 

in the interior region of the string. 

Since the (/)-field acquires the null value in the string core as shown by Linde[12] during 
the inflationary period we may consider that after the phase transition the 0-field settles 
down to the null value producing constant energy density. The gauge field also contributes 
the same amount of constant energy density. 

However it should be remarked that this configuration of the string is possible only in 
the case of a supermassive local strings with Anrf = 1. 
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